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Q I We exhibit homology spheres which never yield any lens spaces by integral Dehn surgery by 

' using Ozsvath and Szabo's contact invariant. 
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1 Introduction 



Let y be a closed oriented 3-manifold. In this paper we write by Yr{K) the Dehn surgered 
manifold of a knot K in Y and with slope r. Lens spaces can be obtained from the Dehn 
I surgery of the unknot U with slope —p/q, i.e. L{p,q) = S'^_^i^{U). 

' In general it is difficult to determine when a lens space can be obtained by an integral 

surgery of a non-trivial knot K in S^. There are some well-known non-trivial knots in 
yielding lens spaces by integral surgeries, for example torus knots, 2-cable knots of torus knots, 

■ and (—2, 3, 7)-pretzel knot and so on. 
If we weaken the ambient space to any homology sphere, we can construct many lens spaces 

\ by integral Dehn surgery. For example in [Ij R. Fintushel and R. Stern have asserted that a 

lens space L(p, q) is obtained by an integral Dehn surgery of a knot K m. a homology 3-sphere 
Y if and only \i q = ibx^ mod p holds for an integer x. What kinds of homology spheres and the 
! knots can realize for the solution x? Are such homology spheres and knots restricted? These 

I questions are quite natural ones. 

■ In the present paper we shall show that such homology spheres are restricted (see Theo- 
rem [TTT]). We denote by S(2,3, 5) the Poincare homology sphere with the reversed-orientation 

' usual one. 



' Theorem 1.1 S(2, 3, 5) does not yield any lens spaces by any positive integral Dehn surgeries. 

From contact topological view point we would like to consider this theorem. 

We explain the original motivation for this paper. In the author's previous paper [9j many 
lens spaces have been constructed by positive Dehn surgeries on S(2,3,5). But from L-space 
homology spheres whose correction terms are neither nor 2, the author could not construct 
any lens spaces by any positive surgeries in some range of the order p of the 1st homology group 
and correction terms of homology spheres. In particular from S(2,3,5) the author could not 
construct any lens spaces in some range of p. The notions of L-space and correction term shall 
be defined in Section 2. 



^The author was supported by COE program of Mathematical Department of Osaka University. 
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On the other hand J.B. Etnyre and K.Honda in j2j have shown that there do not exist any 
tight contact structures over S(2,3,5). Hence I wondered if the two phenomena are related to 
each other. This is main motivation of this paper. 

In [9] the author has studied examples yielding lens spaces by using the surgery formula 
between invariants of Y, Yq(K), and Yp{K). Viewing the examples the author guesses if y € 
{#"■£(2, 3, 5)#'"S(2, 3, 5)} carries a positive lens surgery structure, then Y is or E(2, 3,5). 

2 Lens space (or L-space) surgery structure 

We call a rational homology 3-sphere L-space if the Heegaard Floer homology of the manifold is 
isomorphic to that of . The definition of Heegaard Floer homology is in [5j and [6j . It is well- 
known that the set of L-spaces contains all spherical manifolds and some hyperbolic manifolds. 
In order to generalize Theorem II. II to L-space surgery, we need irreducibility ofY — K. In fact 
the trivial 1-surgery of S(2,3, 5) gives rise to L-space clearly. 

The coefficients of the homologies are always Z2 hence HF~^{Y,5) is a Z2[C/]-module, where 
U is the action to lower the degree of the homology by 2. When y is a rational homology 
sphere, the homology admits the absolute Q-grading as in [3]. The correction term d(Y,5) is 
defined to be the minimal grading in the HF°° (Y,5)-part, which is the image by the natural 
map vr* : HF°°{Y,5) HF+{Y,5) defined in [3]. 

Definition 2.1 Let Y be a closed oriented 3-manifold. We say that Y carries positive (negative) 
L-surgery structure, if p is a positive (negative) integer and Yp{K) is an L-space for a null- 
homologous knot K C Y . Moreover if Y — K is irreducible, we say that Y admits proper 
L-surgery structure. 

Ln particular we say that Y carries positive (negative) lens surgery structure ifYp[K) is a 
lens space for a positive (negative) integer p. 

We suppose that any connected-sum component of Y is not a lens space. If Y carries positive (or 
negative) lens surgery structure, then obviously Y carries positive (or negative) proper L-surgery 
structure. 

carries both positive and negative lens surgery structure. The homology sphere S(2, 3, 5) 
carries positive lens surgery structure (see [9j). But for any homology sphere lens surgery 
structure does not always exist. We shall prove the following in Section [H 

Theorem 2.1 Let Y be an L-space homology sphere. If Y carries positive proper L-surgery 
structure, then Y admits positive tight contact structure. 

Let y be an L-space homology sphere. If Yp{K) is an L-space, then HFKiY, K, g) = Z2 holds 
by using the same method as [8]. It follows from this fact and Y. Ni's result in [llj that if y — 
is irreducible then K \s a, fibered knot. The tight contact structure above is the one induced 
from the open book decomposition along the knot K by the method [lOj of W. Thurston and 
H. Winkelnkemper. 

From Theorem [27T] immediately we can prove the following non-existence result for 5](2, 3, 5) . 



Corollary 2.1 S(2,3,5) does not carry positive proper L-surgery structure. 
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As we mentioned in Section 1, S(2,3,5) carries non-proper positive L-surgery structure. 
Proof) Suppose that S(2,3, 5) carries positive proper L-surgery structure. From Theorem 12.11 
S(2, 3, 5) must admit a positive tight contact structure. But 11(2, 3, 5) does not admit any posi- 
tive tight contact structures by the work [2j by J. B. Etnyre and K. Honda. This is inconsistent. 

□ 

Proof of Theorem II. 1|) It follows from Corollary 12.11 and irreducibility of any lens space that 
this theorem is true. □ 



Corollary 2.2 The homology sphere S(2, 3, 5)#S(2, 3, 5) does not carry any proper L-surgery 
structure positive or negative. 

Proof) Since 11(2, 3, 5)#S(2, 3, 5) does not have any tight contact structures positive or neg- 
ative, it follows from Theorem 1 2 . 1 1 that 11(2, 3, 5)#5](2, 3, 5) does not have positive or negative 
L-surgery structures. 

□ 



3 Ozsvath-Szabo's contact invariant 

Here we review the Ozsvath-Szabo's contact invariant [7]. For a positive cooriented contact 
structure ^ over a closed oriented 3-manifold Y we will define the contact invariant c(.^) (orig- 
inally defined in [Tj). By E. Giroux's work [3j each isotopy class of contact structures exactly 
corresponds to an open book decomposition up to positive stabilization. An open book de- 
composition is a triple D = (Y, K, it) , where K is a fibered knot in Y and vr is the fibration 
map Y — K ^ . The correspondence between an open book decomposition D and a contact 
structure is due to W. Thurston and H. Winkelnkemper [LQl. We denote the correspondence as 
follows: 

{open book decompositionsj/positive stabilization ^ {contact structuresj/isotopy 

Let {Y, rj) be a contact structure and {Y, K, vr) the open book decomposition of Y corre- 
sponding to rj. We denote by the symbol i{ri) the spin'^ structure associated with rj. For Yq{K) 
there is the canonical contact structure satisfying ci(^o)[-f^] = ^^(-F) — 2, where F C Yq{K) is 
the capped surface of a fiber F of vr. Then the natural spin'^ cobordism {—Yq{K),^q) (— y, ^) 
induces HF{-Yo{K),t{lQ)) ^ Z2 ^ HF{-Y,t{l)). The invariant c(0 is the image of 
the generator by the natural map HF+{-Yo{K),i(^Q)) = Z2 ^ HF{-Yo{K),t(^Q)). The main 
property used here is the following: 

Theorem 3.1 ([7J) // a positive contact structure (Y,^) is overtwisted, then c(^) = 0. 
From this theorem c(i^) 7^ implies tightness of ^. 
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4 Proof of Theorem 



2.1 



Proof) Let Y be an L-space homology sphere and Yp{K) an L-space. By the result in [8], we 
have HFK{Y, K, g) = %2- Since Y — K \^ irreducible, from the main theorem in [11], K is 
fibered. Hence we can build the contact structure over y, which is associated with the open 
book decomposition D = (Y, K, vr) induced from this fibration. Consider the following surgery 
exact triangle. 

HF+{-Y) HF+{-Y^{K), Q-^\i]) (1) 

HF+{-YpiK),[i]) 

Here Q : Spin'^(— yo(-f^)) = TL ^ Spin'^(— y^(if)) is a map between two sets of spin'^ structures 
defined in [3]. Let \i\ denote the contact structure over — l^(i^) satisfying Q{i) = [i]. If all 
spin'^-structures in are c\ ^ 0, the map F2 is the 0-map. Hence the map restricted of Fi 

to the t(^o)"Component 

HF+{-Yo{K), t(eo)) = HF+{-Yo{K), 1 - 5) - Z2 ^ HF+{-Y) 

is injective. Hence by definition of the contact invariant, c{^d) does not vanish. From the 
Theorem 13.11 is a tight contact structure. 

On the other hand in the case where ci(t(^o)) = the genus of K is one. Then for non- 
zero i, HF+{-Yo{K),i)= and iJFredl-^ol^), 0) = 0. The knot Floer homology of K is 
HFK{Y, K, i) = Z2 for i = 0, ±1 and = for i / 0, ±1. In this case the tau invariant t{-K) 
is —1 by the same method as [8], hence the contact invariant c{^d) does not vanish. From 
Theorem 3.1 the contact structure is tight. □ 

We call a knot X in a homology sphere Y a lens space Berge knot if an integral Dehn surgery 
of X is a lens space and the dual knot K' of K is the union of two arcs each of which is embedded 
in the meridian disk of the genus one Heegaard decomposition (see Definition 1.7. in [8]). 

The author has also verified that many Brieskorn spheres appear as the homology spheres 
Y yielding lens spaces. Ozsvath and Szabo have shown that any lens space Berge knot is 
fibered [8]. As a result many Brieskorn homology spheres carry proper L-surgery structure with 
contact structures associated with the lens space Berge knots. But I could not find proper L- 
surgery structures for Brieskorn homology spheres with the reversed orientation. Here we state 
a conjecture which generalizes Corollary 12. li 

Conjecture 4.1 Let r) he any Brieskorn homology sphere. Then T,{p, q, r) carries proper 

L-surgery structure hut T,{p,q,r) does not carry proper L-surgery structure. 
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